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Introduction
Let G = (V, E) be a simple undirected graph with n vertices and e edges. For v i ∈ V , the degree of 
. , d n ) be the diagonal matrix of vertex degrees. Then the signless Laplacian matrix of G is Q (G) = D(G) + A(G) and the Laplacian matrix of G is L(G) = D(G) − A(G). It is obvious that A(G), Q (G) and L(G)
are real symmetric matrices. Thus their eigenvalues are real numbers. For a graph G, we denote by ρ 1 (G) or for short ρ 1 , λ 1 (G) or for short λ 1 and q 1 (G) or for short q 1 the largest eigenvalue of A(G), L(G) and Q (G), respectively, and call them the spectral radius, the Laplacian spectral radius and the signless Laplacian spectral radius of G, respectively. The eigenvalues of the adjacent (Laplacian or signless Laplacian) matrix A(G) (L(G) or Q (G)) can be used to obtain much information about the graph, for example, estimates for expanding property, isoperimetric number, maximum cut, independence number, matching number, genus, mean distance and diameter of a graph. In particular, estimating the bound for ρ 1 (G) (λ 1 (G) or q 1 (G)) is of great interest, and many results have been obtained (see for example [5, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] ).
Suppose G is a simple connected graph. Then Q (G) is a nonnegative irreducible positive semidefinite matrix and all eigenvalues of Q (G) are nonnegative. Thus, by Perron-Frobenius Theorem, the multiplicity of q 1 is one and there exists only one unit positive eigenvector x with x = 1 such that
This eigenvector x is called the Perron vector of Q (G).
Collatz and Sinogowitz [4] stated that for any graph with n vertices and e edges, ρ 1 2e n and the equality holds if and only if G is regular. Cioabȃ [1, 3] , Liu et al. [11] , Stevanović [22] and Zhang [24] considered the bound of ρ 1 in irregular graph, respectively. In [2] , Cioabȃ and Gregory proved that if G is irregular and n
In Section 2, we will show that if G is irregular and n
. In Section 3, we show that 2 − q 1 >
for a simple connected irregular graph G, where d is the diameter of the graph G.
Now we state the following lemma that will be used in the proofs of our results. 
Lower bounds
By Rayleigh-Ritz Theorem, it is easy to see that if x is a unit column vector in R n , then 
with equality if and only if the graph is regular. 
where c = 1 when S is an independent set of G and c = 2 otherwise. 
Suppose the vertices in S are not independent. We consider the bipartite double coverG of G
It is easy to see that
are the adjacency matrix and the diagonal matrix of G, respectively. Then
Note that the set S × {1} is an independent set inG. By applying the previous inequality, we can easily get the corresponding conclusion. This completes the proof of Theorem 2.2.
In the proof of Theorem 2.2, if we use the Cauchy-Schwarz inequality (a + b)
2 4ab, we can obtain the following corollary.
Corollary 2.3. Let S be a subset of V(G) with |S| = s. Then
where c = 1 if S is an independent set of G and c = 2 otherwise.
Proof. From Theorem 2.2, we get
Taking S to be two vertices with different degrees in Theorem 2.2 and Corollary 2.3, we give the following two corollaries. 
Corollary 2.4. Suppose i and j are vertices of G with
, where c = 1 if i and j are not adjacent and c = 2 otherwise.
Proof. From Corollary 2.3, we obtain that
By Corollary 2.5, we have our first main result for irregular graphs.
Theorem 2.6. For every irregular graph G, = 0.
Upper bound
In this section, we give an upper bound for the signless Laplacian spectral radius of irregular graphs. The main idea of the proof of Theorem 3.2 comes from [3] . We begin this section from the following lemma.
Lemma 3.1 [6] . Let G be a simple connected graph. Then 2δ q 1 
, and the equality holds in either of these inequalities if and only if G is regular.
Now we consider the irregular graphs and obtain our another main result. , a contradiction. 
Theorem 3.2. Let G be a simple connected irregular graph of order n and D be the diameter of G. Then
The right side is a quadratic function in x v whose minimum value is 2 2l+1
, a contradiction. 
We will complete the proof of Fact 3 by considering the following two cases.
Denote by Q v,i t the sub-path of Q connecting v and i t . Then,
, a contradiction. Note that (7) 
By Fact 3, |V < | = 1. Let w be the vertex of G such that x w = min{x i |1 i n} and let γ = . By summing the equalities q 1 x j = d j x j + i∼j x i , we have
from which we get
, a contradiction.
By Fact 6, we assume x j < 1 √ n and j ∼ s. Then
, i.e.,
Note that (n − 1)
Proof of Fact 7. Suppose D 3. Then from (9) and (10), we obtain that 
Fact 8.
There is exactly one neighbor of s adjacent to w.
Proof of Fact 8.
Suppose there are at least two neighbors of s, say u and v, adjacent to w. By using the Cauchy-Schwarz inequality, we get
By Fact 8, we assume u is exactly the neighbor of s adjacent to w. Let A = {v|d(v, s) = 1} \ {u} and B = {v|d(v, s) = 2} \ {w}. Then V \ {s, u, w} = A ∪ B and for every vertex v ∈ A, d(v, w) = 2. We will complete the proof by considering the following two cases.
Case 1. There exists one vertex
Thus there must be a vertex in A \ {v}, say v 1 , such that
By Cauchy-Schwarz inequality and note that 2x
2 is a quadratic function in x w whose minimum value is 2 3 x 2 u , we have , our final contradiction.
By Lemma 1.1, we can give an upper bound of Laplacian spectral radius λ 1 of irregular graphs which is better than those bounds in [12, 21] . > 0.
